Fermi surface consists of two Fermi points 
The bosonization method

Fermionic field operators
Let us consider a standard fermion on the line
with boundary conditions (periodic:
We expand in Fourier componentŝ
), with n k ∈ Z, and
Note:
• L is large but finite ⇒ wavevector k is discrete
• no periodic lattice ⇒ number of modes n k is infinite 
•N has eigenvalues N ∈ Z
• we define |N 0 as |0 0 with lowest |N| extra particles/holes
Bosonic particle-hole excitations
Consider density operatorsρ q = kĉ + k+qĉk and their commutation relations:
Define bosons:b Step 1: "Kronig identity"
Note:
•b + qbq contains 4 fermions, but onlyN 2 survives
• can be verified via commutators with density operators
• purely algebraic identity, does not use bosonic commutators
• holds even for finite Fermi sea; works only for linear prefactor
• kinetic energy with linear dispersion is quadratic in bosons! 
Equivalence of Fock spaces
Step 2: Completeness of bosonic states
• calculate a sum of positive quantities using fermions and bosons
Grand partition function for non-interacting Hamiltonian: (δ = 1)
1) In fermionic basis:
where P (M) = number of partitions of integer M ⇒ Z c = Z b due to an identity for the elliptic theta function ϑ 3 bosonic Fock space spans full fermionic Fock space 8
The bosonization identity
Commutator of bosons with fermions:
Coherent-state representation:
"Klein factor"F deletes one fermion (which is something bosons can't do):
Now express any state |N in terms ofb + q 's acting on |N 0 , and commute these throughφ
"bosonization identity"
• operator identity in Fock space, independent of Hamiltonian
• right-hand side is normal ordered
Bosonic fields
We use the bosonic fieldφ 
with commutators (for L → ∞)
This leads to the expression
2 * * and allows fields in bosonization identity to be combined:
not normal ordered! but this introduces a factors a −1 ⇒ limit a → 0 must be delayed
Tomonaga-Luttinger model The Hamiltonian
Consider two branches: one right-moving fermion,
⇒ interaction is quartic in fermions, quadratic in bosonŝ 
Momentum distribution
Expectation values of fermion fields can be calculated with bosonization identity:
for large x and K ≠ 1
Momentum distribution: • continuous momentum distribution
Field theory of the free system Let us consider the hermitian fields
and the combinationŝ
with commutators
Then the non-interacting TL Hamiltonian iŝ
2 * * ⇒ free massless bosonic field in 1 + 1 dimensions
14
Field theory of the interacting system H TL has the same form asĤ 0 , only with renormalized parameters:
⇒ "refermionize"Ĥ TL by definingΠ andΦ in terms ofB andB
2 * * They are related toΠ 0 andΦ 0 bŷ
Useful for calculation of correlation functions:
⇒M has scaling dimension K
Spin-charge separation
We now include the electron spin σ =↑, ↓ inĤ TL : 
